[Abstract]: The simulation of two-phase turbulent flows is currently an important scientific and industrial challenge. Among the many issues underlying the modeling of that complex phenomenology, the accumulation of solid particles in preferential zones and the interaction of particles with gas turbulence are of particular interest, because they have a significant impact on the overall performance of the studied system.The objective of this work is to propose an original numerical model to solve problems of particulate concentration occurring in laminar or turbulent convergent two-phase flows. The formulation, expressed in the Eulerian framework, uses a particulate pressure and a pseudo particulate viscosity. Firstly the new hyperbolic system for pure particulate gas is analyzed in terms of consistency and numerical robustness. Existence of entropy and appropriate numerical schemes for the Riemann problem are discussed and tested in a one dimensional shock tube application. Secondly the whole system with the pseudo viscous terms and the source terms is explained. The coupling with the gas flow is especially derived in laminar or turbulent case. In particular the development of a space marching Parabolized Navier Stokes code for 2D axi-symmetric flow is presented. Implementation of the method in a fully 3D time dependent Navier Stokes code is under work. 
I. Problem position
The Eulerian formulation is very practical for engineer modelling of two-phase flows. The approach suits a wide range of particles in turbulent fluid and is currently recommended before using more time consuming modelling like lagrangian or DNS (see Ref. 1) . The Eulerian framework allows the use of the same mesh for gas and particles, and is generally less expensive in computer time and memory. In aerospace applications, like two-phase rocket plume for instance, particles can be considered as a dispersed phase, where volume occupancy or collisions can be neglected. As a matter of fact, the particulate flow is modelled like a gas without pressure. This simplifies the equations, and namely for the Riemann problem, a simple "donor cell" scheme is sufficient.
One drawback, which may also appear in Lagrangian formulation, is that particle accumulation in preferential region can occur in the simulation. Because of the complexity of the phenomenology, engineers have to face a real problem: is this accumulation a numerical artefact related to the method? or is it a physical description? The answer is not obvious because concentrations occur for specific configurations in the physical world.
For a convergent axi-symmetric flow of a particulate gas without pressure (with the eulerian formulation), the axis is a singularity where particulate density in the mixture goes to infinity, as shown by Saurel 2 . The proposed solution is to introduce a particulate pressure, which was also done by Saurel & Abgrall 3 , Simonin 4 , Simoes & al 5, 6, 7 , in different ways. In the present work, this particulate pressure is only related to the fluctuating particle velocity and density in the mixture. In particular, there is no direct relation between that pressure and the particle internal energy ι , which exhibits fundamental differences with a gas pressure. The fluctuating velocity applies in laminar gas flow (it does then represent the Brownian motion), and in turbulent gas flow (it is then added the coupling with turbulent gas velocity fluctuations by the covariance). The model follows the engineering methods proposed in the book of Oesterlé 8 , and is implemented in an existing two-phase turbulent and reactive PNS code.
II. Hyperbolic system of conservation laws
We introduce the density ρ of the gas of particles, the velocity u , internal energy ι and turbulent kinetic energy Total energy is the sum of kinetic energy, internal energy and turbulent kinetic energy:
The variables of specific mass ρ , momentum u ρ , and total massic energy E ρ are naturally conserved.
Moreover, we suppose here that the volumic turbulent kinetic energy k ρ is also conserved. We can introduce a vector W with four coordinates according to (2) . ) , , , (
The associated vector flux follows classical results of gas dynamics (see e g Landau and Lifchitz 9 ). We have:
Then the particle-gas system can be written in one space dimension as a conservative system of a fourdimensional vector ) , ( t x W (4) . 0 )) (
The system is mathematically entirely defined if the pressure can be evaluated from the conserved variables. Following Hug 10 , we set
a constant that parameterizes the model. The pressure does not depend anymore on the internal energy as in an usual gas (see e g Ref. 9 ) and the physical hypothesis is constitutive of what we call here "particlegas system".
The previous system is hyperbolic and exhibits four eigenvalues:
The sound velocity is simply obtained by a non-standard relation c (7) A shock wave of velocity σ between a given state and an "aval" state W satisfies the following algebraic relations 11 : 
on the other hand, the belongs to the 4-wave arriving to : 
The numerical results of a first order scheme satisfying the following discrete volume framework (14) 
are presented on Fig. 1 
Roe scheme
We have introduced in Ref. 11 a Roe matrix associated with the system defined by the constitutive relations Eq. (1) to Eq. (5). First, after the pioneering work of P. Roe 16 , we introduce the total enthalpy H according to 
is then easy to determine. The idea is to solve the Riemann problem between the two states and with the flux replaced by the following affine function:
We have after some lines of algebra (see Ref. 12 or Ref. 14):
The results of the discrete integration are presented on 
Sanders and Prendergast splitting scheme
Using splitting scheme is very popular in computational fluid dynamics. In Ref. 10 , the popular splitting scheme initially proposed by Sanders and Prendergast 17 for the perfect gas has been generalized for gas-particle modelling.
The physical flux function introduced in Eq. (3) is split into two parts: 
For the "subsonic" cases, following the approach of Ref. 17 where the particulate velocity is modelized by a 3 points discrete distribution {u-c , u , u+c}, we obtain When , 
The results of the discrete simulation are presented in Fig. 3 :
Comparison of the 1D results :
We note that the two flux difference decomposition of Godunov and Roe are very similar, whereas the Sanders & Prendergast flux splitting exhibits more numerical viscosity. Nevertheless the three test cases indicate that the formulation is robust and validated for basic non viscous flow. This allows more complex developments and applications. 
IV. Complete formulation in the PNS code
We describe here the specific features of the particulate pressure model, implemented in an axi-symmetric, twophase, reactive and turbulent PNS code 18 :
Stress tensor and pseudo particle viscosity: Let us start with the kinetic stress tensor for particle flow, described in Ref. 8 , and proposed by Simonin 19 . It is expressed here in classical tensor notation and contraction:
are the Cartesian components of mean and fluctuating particle velocity. By definition, the trace of the tensor must be , and is the fluctuating kinetic energy, identical to in the previous section, but the subscript
p is now needed to distinguish with the gas variables. This leads to the value of the parameter γ : 
The first right-hand term is the direct relation with the turbulent gas (it is 0 in laminar gas flow).
is the trace of the covariance matrix, where subscript refers to the gas (fluid):
T is related to the Taylor integral time scale , and can depend on particle inertia: We retain from Ref. 34) is related to the mean particle relaxation time, which is a fundamental parameter.
(37) , 3
Where is the particle diameter, the mean particle drag coefficient, The following system is obtained for particles. It contains 5 conservation equations: one for mass, 2 for momentum (2D cylindrical), one for total energy, and one for fluctuating kinetic energy : (Fig. 4 ). The gas and particle meshes are the same.
System closure:
The inter-particular collisions are neglected, so the associated dissipation term in the equation is 0. (38), becomes: 
In the total particle energy equation, it is correct to repeat the term in Eq. (44) and to add the more classical term of the work of the drag force (source term on left hand side):
Also two classical source terms, the heat exchanges between gas and particles and the particle radiation are not detailed here.
The important coupling in momentum equations is (for the velocity components i=1,2; and source term on left hand side):
Where is defined as:
The expression introduces the drift velocity , explained by Oesterlé 8 and proposed by Simonin particulate pressure imposed at a very low value, so that the detailed formulation is computed at the limit of the model. The results are compared with the initial PNS without particulate pressure ("donor cell" scheme). They were similar (in the computer precision range): this validates the correct coding of the new schemes. Secondly, a high altitude solid rocket plume is computed, again with the two options of the particulate pressure model, and the initial PNS without particulate pressure. High altitude plume from an expanded nozzle exhibits no compression or convergent particle flow ( p V div r is positive quite everywhere). It was satisfactory that the results indicate low differences with the case without particulate pressure. Thirdly we evaluate the present method by comparison with published application cases, and we choose a particle dispersion case in a jet-like flow, proposed and tested by Papp, York, Sinha and Dash 24 . Finally we propose. a case of a compressed jet , where axial accumulation of particles can numerically occur.
Modelling consideration:
For these applications we consider first the classical model, where particles are solved as an eulerian gas without pressure. The system (38) is then reduced to:
There is no particle pressure, and no pseudo viscous term. The source terms (46), (47) contain no drift velocity, and there are no source terms (49) and (50). This model is called "w/o Pp (particulate pressure)". The numerical scheme is a classical "Donor Cell".
We compare this early formulation with the present one, called "with Pp" and described in section IV. In particular the expression of the drift velocity is: , relates the drift to the gradient of gas turbulence and a characteristic time : is the shortest time of the eddy life time, and the crossing time of the eddy by the particle. Theses terms are important in the radial direction.
t Δ t Δ
To illustrate the effect of the drift velocity, we compare the applications of the present formulation and a formulation without drift, called "with Pp, w/o drift".
All applications are performed with two-way coupling and PNS space marching. According to a pressure split technique, the PNS approach is allowed in the subsonic stream. Here in 2D cylindrical coordinates, the entry section of stream 1 has a radius of 2m, so it compares well with the planar shear layer of Ref. 24. Figure 5 represents particle cloud density profile at 25m from the initial section. We notice that for these small particles, there are little differences between the approaches, and that the particle dispersion is low. Comparison of gas and particle turbulent kinetic energy indicates that they are in phase, when both are present.
Comparisons of velocities in Fig. 6 , indicate that the fluid and particles remain in phase.
For non stressing cases, it's important to notice here, that the results with the present formulation remain consistent with the early approach without particulate pressure.
High speed shear layer, d=10µm:
The conditions of the shear layer case of table 1 are the same, except for the 10µm particle diameter. Figure 7 shows the particle cloud density contours computed by the previous model without particle pressure. It is very similar to the results of Ref. 24 without dispersion.
The cloud density profiles in the region affected by gas turbulent kinetic energy exhibit an increase to the edge of the cloud, before abruptly vanishing (see Fig. 8 ). Furthermore, this abrupt edge is slightly extended outward when progressing in x stations:
Results are very different with the present formulation with particulate pressure: there is a more important dispersion of the particles, with no peak at the edge ( Fig. 9 and Fig 10) :
The shape of this new profile is similar to the shape of the lagrangian profile with drift velocity in Ref. 24 . 
Figure 10
The contours of the gas turbulent kinetic energy are similar for the early formulation (Fig. 11 )and the present one (Fig. 12 ) and are very close in level and shape to the result in Ref. 24.
Figure 12 Figure 11
However, due to the damping effect of particles on turbulence, the levels in Fig. 12 are slightly lower. The gas velocity and the turbulent viscosity contours are represented in Fig. 13 and Fig. 14 These new results are presented for the adapted Sanders & Prendergast numerical scheme. Results with the Roe scheme indicate a very small difference at the cloud boundary (Fig. 15) . The ROE scheme has less numerical smearing. According to the very different approaches of the schemes, the comparison is satisfactory. Figure 16 compares the particulate turbulent energy kp with the turbulent kinetic energy kf of the gas. Now there is a difference with Fig. 5 (D=0.1µm) : the level of kp is lower than kf, as a consequence of particle size.
In Fig. 17 , the velocities of gas and particles are presented together at different sections: the particles present almost no phase difference with the gas. 
High speed shear layer, d=10µm, w/o drift velocity:
Here we show results with no drift velocity in Eq. (47). Figure 18 exhibits important peaks in the particle cloud density profiles, located at the inner boundary of turbulence. The inflexion of Fig. 9 is removed, but at the expense of particle accumulation.
The accumulation is located at the sharp increase of turbulent kinetic energy (Fig. 19 ). And to correct this artefact, the drift velocity proposed by Bocksell and Loth 23 is needed. The formulation is efficient because it is based on the gradient of kf.
Note that the same kind of peak, is reported in Ref. 24 for lagrangian calculation without drift velocity. 
Compressed jet, d=10µm:
We propose this test case to describe axial accumulation and its resolution. The simulation does not represent any real or experimental case. We just increase the strength of stream 2. Stream 1 is a uniform round jet (1 meter radius) where 10µm particle are diluted (as in the previous case). The starting conditions are given in Before 30m an axial accumulation occurs, and then increases to reach a dramatic factor 5 of the initial particle cloud density (and even more, downstream). The starting point is correlated with turbulence reaching the symmetry axis, as can be seen on Fig. 21 .
Figure 22
With the present modelling with particulate pressure and drift velocity, the problem almost disappears (Fig.  22) Also the gas turbulent kinetic energy is decreased in level (-10% compared to Fig. 21 ), in the region where there are sufficient particles to act for turbulence damping (see Fig. 23 and Fig. 24 ).
Figure 21
Figure 23
Note in Fig. 25 the behaviour of the turbulent particulate kinetic energy, which drives the associated pressure Pp. Especially near the axis, it is closer to the gas turbulent kinetic energy. This, in conjunction with drift velocity, helps cancelling the numerical accumulation on the axis.
At the outer boundary of the cloud there is still some trouble with kp. The interface with the no-particle domain has always been difficult, and work remains to be done on that problem. The profiles of the particle cloud density are shown in Fig. 26 and Fig. 27 : The present new formulation is efficient, especially at x=30m and x=35m in Fig. 27 .
Implementation of the present particulate pressure model in a fully 3D NS code 25 is under work. 
VI. Conclusion
Engineers have to carefully analyze their CFD results for problems dealing with particles and their interaction with turbulence:
• The phenomenology is complex and contains multiple time scales.
• The classical Eulerian formulation without particulate pressure admits singular solutions for convergent flows (accumulations) that are not realistic for a dispersed phase. This characteristic has to be cured by an additive modelization.
• In some real cases, physical accumulation of particle occurs (near walls…).
This work shows some progress in the modeling and comparisons to others. The framework of the eulerian approach with particulate pressure and drift velocity, associated with a PNS space marching, allows rapid calculation with fine mesh, and solves unphysical accumulation problems in the free field. . It is believed that the unwanted accumulation is not related to the eulerian or the lagrangian solvers for particles. Also it is not related to the use of a specific numerical scheme for the Riemann problem, if it is well formulated.
Since source terms are related to gradients and then to the space discretization, it can occur that they explode near discontinuities (like the usual k-ε model). So, special care to maintain a realizable stress tensor may help. It is included in the present work but not detailed in this paper.
Additional study is necessary to explore remaining deficiencies and calibrate the model. Use of CFD for complex but real problems of gas/particle turbulent interaction is a challenge, which may be achievable.
So far, these kinds of density peaks of particle cloud are not reported in experimental data, but accumulation exist in the physics. This is also challenging for the validation. There is a real need of experimental reference tests, including two-phase flows with particles interacting with turbulence, at a relatively high speed.
